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SPECTRA OF SOME WEIGHTED COMPOSITION OPERATORS ON H2
CARL C. COWEN, EUNGIL KO, DEREK THOMPSON, AND FENG TIAN
Abstract. We completely characterize the spectrum of a weighted composition operator Wψ,ϕ on
H2(D) when ϕ has Denjoy-Wolff point a with 0 < |ϕ′(a)| < 1, the iterates, ϕn, converge uniformly
to a, and ψ is in H∞ and continuous at a. We also give bounds and some computations when
|a| = 1 and ϕ′(a) = 1 and, in addition, show that these symbols include all linear fractional ϕ
that are hyperbolic and parabolic non-automorphisms. Finally, we use these results to eliminate
possible weights ψ so that Wψ,ϕ is seminormal.
1. Introduction
If ψ is in H∞ and ϕ is analytic map of the unit disk into itself, the weighted composition operator
on H2 with symbols ψ and ϕ is the operator Wψ,ϕ, where Tψ is the analytic Toeplitz operator given
by Tψ(h) = ψh for h in H
2, Cϕ is the composition operator on H
2 given by Cϕ(h) = h◦ϕ. Clearly,
if ψ is bounded on the disk, then Wψ,ϕ is bounded on H
2 and ‖Wψ,ϕ‖ ≤ ‖ψ‖∞‖Cϕ‖. Although
it will have little impact on our work, it is not necessary for ψ to be bounded for Wψ,ϕ to be
bounded. To avoid trivialities and special cases, we will assume ψ is not identically zero and ϕ is
not a constant mapping.
Weighted composition operators have been studied occasionally over the past few decades, but
have usually arisen in answering other questions related to operators on spaces of analytic functions,
such as questions about multiplication operators or composition operators. For example, Forelli [11]
showed that the only isometries of Hp for p 6= 2 are weighted composition operators and that the
isometries forHp with p 6= 2 have analogues that are isometries ofH2 (but there are also many other
isometries of H2). Weighted composition operators also arise in the description of commutants of
analytic Toeplitz operators (see for example [4, 5] and in the adjoints of composition operators (see
for example [6, 7, 8]).
Recently, work has begun on studying the spectrum of weighted composition operators on H2
more carefully. Gunatillake [12] characterized the spectrum when ϕ has an interior fixed point and
Wψ,ϕ is compact. The first two authors [9] characterized the spectrum when Wψ,ϕ is a self-adjoint
operator. Bourdon and Narayan extended their work [2] to characterize the spectrum when Wψ,ϕ
is unitary and when Wψ,ϕ is normal with interior fixed point. Gunatillake [13] defined invertible
weighted composition operators on H2 and identified their spectrum. Very recently, Hyva¨rinen,
Lindstro¨m, Nieminen, and Saukko [14] extended his work to when ϕ is an automorphism butWψ,ϕ
is not necessarily invertible.
Our work finds the spectra of Wψ,ϕ with relatively weak conditions on ψ, but a rather strong
one on ϕ, which is that the iterates of ϕ converge uniformly on all of D to the Denjoy-Wolff point
a, rather than just on compact subsets of D. In Section 2, we identify situations when ϕ satisfies
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this uniformity condition on the convergence of its iterates, and show that this class of symbols is
non-trivial. In Section 3, we give general bounds for σ(Wψ,ϕ) that define the spectrum when σ(Cϕ)
is given by the closure of σp(Cϕ). In Section 4, we are much more specific about σp(Wψ,ϕ) when
ϕ′(a) < 1 and give some examples. In Section 5, we eliminate some possibilities where Wψ,ϕ could
be seminormal. Finally, we suggest further areas of study in Section 6.
2. When are the iterates of ϕ uniformly convergent?
To accomplish the work of this paper, we make a rather strong assumption that ϕ converges
uniformly on all of D to the Denjoy-Wolff point a. Our work in this section will further explain
when this phenomenon occurs. To facilitate reference to the property of uniform convergence of
the iterates of ϕ, we make the following definition.
Definition We say UCI holds for ϕ or ϕ satisfies UCI if ϕ is an analytic map of the unit disk
D into itself with Denjoy-Wolff point a and the iterates ϕn of ϕ converge uniformly, on all of D, to a.
We begin by showing that this condition is not particularly helpful when the Denjoy-Wolff point
a belongs to D.
Theorem 1. Suppose ϕ : D → D is analytic and continuous on ∂D. If the Denjoy-Wolff point a
of ϕ is in D, then ϕn → a uniformly if and only if there is N > 0 such that ϕN (D) ⊆ D.
Proof. Suppose there is N > 0 such that ϕN (D) ⊆ D. Since ϕn always converges uniformly on
compact subsets of D to a by the Denjoy-Wolff Theorem [7] and ϕN (D) is a compact subset of D,
we have that ϕn → a uniformly on D.
To prove the other direction, let M be the minimum distance between a and the unit circle.
Since ϕn → a uniformly on D, for ǫ = M/2, there exists N > 0 such that |ϕN (z)− a| < ǫ,∀z ∈ D.
Suppose ϕN (b1) = b2, |b1| = |b2| = 1. Then for our given ǫ, since ϕN is continuous on the unit
circle, there exists δ > 0 so that |b1 − z| < δ ⇒ |b2 − ϕN (z)| < ǫ. However, for z such that
|b1 − z| < δ,
M ≤ |b2 − a| = |b2 − ϕN (z) + ϕN (z)− a|
≤ |b2 − ϕN (z)|+ |ϕN (z)− a|
< 2ǫ =M
which is a contradiction, so ϕN (D) ⊆ D. 
The following corollary shows that this is of interest.
Corollary 2. Suppose ϕ : D → D is analytic and continuous on ∂D. If the Denjoy-Wolff point
a of ϕ is in D and ϕn → a uniformly, then Cϕ is power-compact. Furthermore, any associated
weighted composition operator Wψ,ϕ with ψ ∈ H∞ is power-compact.
Proof. Since ϕ(D) ⊆ D is a sufficient condition for Cϕ to be compact [7], we see that by Theorem 1
CϕN = C
N
ϕ is compact for some N > 0 and Cϕ is power-compact. Since compact operators are an
ideal in B(H2), (Wψ,ϕ)N = TζCϕN is compact, where ζ = ψ(ψ ◦ ϕ)...(ψ ◦ ϕN−1). 
Since Gunatillake [12] and others have already characterized the spectrum of compact weighted
composition operators (and therefore power compact weighted composition operators) when ϕ has
an interior fixed point, we will instead turn our work to when the Denjoy-Wolff point is on ∂D,
although our results will include the interior fixed point case. Next, we indicate some conditions
on ϕ when the Denjoy-Wolff point is on ∂D, and give some examples.
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Theorem 3. If ϕ : D→ D is analytic in D and continuous on ∂D, has Denjoy-Wolff point a with
|a| = 1 and ϕn → a uniformly, then a is the only fixed point of ϕ in the closed unit disk.
Proof. Suppose ϕ(b) = b, b 6= a. Since the Denjoy-Wolff point is on the boundary, we must have
|b| = 1, or else b would be the Denjoy-Wolff point. Since ϕn → a uniformly, given ǫ > 0, there is
an N such that |ϕN (z)− a| < ǫ,∀z ∈ D. Note that ϕN is continuous at b. For the same ǫ, there is
δ such that |b− z| < δ ⇒ |ϕN (b)− ϕN (z)| = |b− ϕN (z)| < ǫ. Let z be such that |b− z| < δ. Then
|b− a| = |b− ϕN (z) + ϕN (z)− a| ≤ |b− ϕN (z)|+ |ϕN (z)− a| < 2ǫ
However, if we take ǫ < |b− a|/2, we have a contradiction. 
Although our work so far indicates that the class of weighted composition operators where ϕ
satisfies UCI may be small, we now give sufficient conditions for ϕ to satisfy UCI and follow with
some examples. Much of the following proof is owed to [1].
Theorem 4. Suppose ϕ : D → D is analytic in D and continuous on ∂D and has Denjoy-Wolff
point a with |a| = 1, ϕ′(a) < 1. If ϕN (D) ⊆ D ∪ {a} for some N , then ϕn → a uniformly in D.
Proof. Without loss of generality, we will assume ϕ(D) ⊆ D∪{a}. Since ϕ(D) ⊆ D∪{a} and ϕ(D)
is connected, it fits within the disk
H(a, λ) :=
{
z ∈ C : |a− z|2 ≤ λ
(
1− |z|2
)}
for some fixed λ > 0. Disks of this type are Euclidean subdiscs of D centered at a/(1 + λ)
with radius λ/(1 + λ), and are tangent to the unit circle at a. Julia’s Lemma [7] shows that
ϕ(H(a, λ)) ⊆ H(a, ϕ′(a)λ). Applying ϕ iteratively, we see that for any z in this set, we have
|a− ϕn(z)|2 ≤ ϕ′(a)nλ(1− |ϕn(z)|2)
and therefore
|a− ϕn(z)| ≤
√
λϕ′(a)n/2(1− |ϕn(z)|) ≤
√
λϕ′(a)n/2
Thus, for any ǫ > 0, there is N > 0 such that for n > N ,
√
λϕ′(a)n/2 < ǫ (since ϕ′(a) < 1).
Then |ϕn(z)− a| ≤
√
λϕ′(a)n/2 < ǫ for n > N . 
Although this does not completely characterize UCI holding for ϕ when |a| = 1 and ϕ′(a) < 1,
we see from this sufficient condition that this class includes, at least, ϕ that are linear fractional
non-automorphisms, such as ϕ(z) = 12z +
1
2 . When ϕ
′(a) = 1, the situation is even more delicate
because the conditions above are not sufficient, as can be seen when ϕ is a parabolic automorphism.
However, if ϕ is a linear fractional non-automorphism with ϕ′(a) = 1, we see that ϕ actually satisfies
UCI:
Example 5. Let ϕ be a linear fractional map, not an automorphism, with Denjoy Wolff point a
such that |a| = 1 and ϕ′(a) = 1. Without loss of generality, assume a = 1. Such symbols form a
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semigroup ϕt(z) =
t+(2−t)z
(2+t)−tz . Then we have
|ϕt(z)− 1| =
∣∣∣∣t+ (2− t)z(2 + t)− tz −
(2 + t)− tz
(2 + t)− tz
∣∣∣∣
=
∣∣∣∣ 2z − 2(2 + t)− tz
∣∣∣∣
=
∣∣∣∣ 2(z − 1)2 + t(1− z)
∣∣∣∣
=
∣∣∣∣ 2(1 − z)2 + t(1− z)
∣∣∣∣
=
∣∣∣∣∣
2
2
1−z + t
∣∣∣∣∣
≤
∣∣∣∣2t
∣∣∣∣ = 2t → 0, as t→∞
since Re
{
2
1−z
}
> 1 for z ∈ D. Thus if ϕ is a linear fractional non-automorphism with Denjoy-
Wolff point a and ϕ′(a) = 1, then ϕn → a uniformly in D.
Now we see that UCI holding for ϕ can arise when ϕ′(a) < 1 or ϕ′(a) = 1. Next, we show general
bounds for the spectra of a weighted composition operator with UCI holding for the compositional
symbol, and later we discuss the differences more specifically between the two cases.
3. Spectral bounds for Wψ,ϕ
Throughout the remainder of the paper, we will assume that ψ is in H∞, continuous at the
Denjoy-Wolff point a of ϕ, and that ψ(a) 6= 0.
We now offer some lemmas which will give us an inequality between the spectra of Wψ,ϕ and
ψ(a)Cϕ.
Lemma 6. If A and B are bounded operators on a Hilbert space H, then:
(1) If ABv = λv and Bv 6= 0, then Bv is an eigenvector for BA with eigenvalue λ.
(2) σ(AB) ∪ {0} = σ(BA) ∪ {0}.
Proof. (1) If ABv = λv for some λ, then BA(Bv) = B(ABv) = B(λv) = λ(Bv), but we require
Bv 6= 0 since eigenvectors need to be non-zero.
(2) It can be seen by direct computation that if λ 6= 0 and (λI−AB) is invertible, then (λI−BA)
is invertible with inverse 1λ(I +B(λI −AB)−1A). Clearly this argument also works if A and B are
reversed, so (λI −AB) is invertible if and only if (λI −BA) is. Since we required λ 6= 0, we have
σ(AB) ∪ {0} = σ(BA) ∪ {0}. 
Although part (1) of Lemma 6 requires that Bv 6= 0, we will only be using analytic Toeplitz
operators and composition operators with trivial kernels when we apply the lemma.
Lemma 7. Suppose ϕ : D → D is analytic with Denjoy-Wolff point a, ϕn → a uniformly in D,
and ψ ∈ H∞ is continuous at z = a. Then ‖Tψ(a)Cϕ − Tψ◦ϕnCϕ‖ → 0 in B(H2) as n→∞.
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Proof. If ϕn → a uniformly in D, and ψ is continuous at a, then ψ ◦ ϕn → ψ(a) uniformly in D,
which implies that ‖ψ(a) − ψ ◦ ϕn‖∞ → 0 as n→∞. Then∥∥Tψ(a)Cϕ − Tψ◦ϕnCϕ∥∥ ≤ ∥∥Tψ(a)−ψ◦ϕn∥∥ ‖Cϕ‖
= ‖ψ(a) − ψ ◦ ϕn‖∞ ‖Cϕ‖ → 0
as n→∞, since Cϕ is bounded. 
Theorem 8. If ϕ : D → D is analytic with Denjoy-Wolff point a, ϕn → a uniformly in D, and
ψ ∈ H∞ is continuous at z = a, then σ(TψCϕ) ⊆ σ(ψ(a)Cϕ).
Proof. Note that (TψCϕ−λI) is invertible if and only if (CϕTψ−λI) = (Tψ◦ϕCϕ−λI) is invertible
by Lemma 6. Applying this iteratively, we see that (TψCϕ − λI) if and only if (Tψ◦ϕnCϕ − λI) is
invertible for all n.
Let λ ∈ σ(TψCϕ). Then λ ∈ σ(Tψ◦ϕnCϕ) for all n by above. By Lemma 7, the operators
(Tψ◦ϕnCϕ − λI) converge to (Tψ(a)Cϕ − λI) in H2 norm. Since the invertible operators in B(H2)
are an open set and each operator in the sequence is not invertible, we know that (Tψ(a)Cϕ − λI)
is also not invertible, so λ ∈ σ(ψ(a)Cϕ). 
Given the theorem above, it is seen that we assume ψ(a) 6= 0 simply to avoid trivial cases
where σ(Wψ,ϕ) = {0}. Our next goal is to find a lower bound on the spectra of Wψ,ϕ and use a
squeeze-type argument. The following theorems will accomplish that.
Theorem 9. Suppose ϕ : D → D is analytic with Denjoy-Wolff point a, ϕn → a uniformly in D,
and ψ ∈ H∞ is continuous at z = a with ψ(a) 6= 0. Then ψ(a) is in σap(TψCϕ).
Proof. Let
hm(z) =
m∏
n=0
ψ ◦ ϕn
ψ(a)
Note that TψCϕhm(z) = ψ(a)hm+1(z). These vectors are finite products of H
∞ functions, so they
belong in H∞ and therefore to H2 as well. The unit vectors we will use will be Hm =
hm
‖hm‖2
. We
wish to show ‖(TψCϕ − ψ(a)I)Hm‖2 → 0 as m→∞.
‖(TψCϕ − ψ(a)I)Hm‖2 =
1
‖hm‖2
‖(TψCϕ − ψ(a)I) hm‖2
=
1
‖hm‖2
‖ψ(a)hm+1 − ψ(a)hm‖2
=
1
‖hm‖2
‖hmψ ◦ ϕm+1(z)− ψ(a)hm‖2
=
1
‖hm‖2
‖hm (ψ ◦ ϕm+1(z)− ψ(a))‖2
≤ 1‖hm‖2
‖hm‖2 ‖ψ ◦ ϕm+1(z)− ψ(a)‖∞
= ‖ψ ◦ ϕm+1(z)− ψ(a)‖∞ → 0;
and the last line is by UCI holding for ϕ and continuity of ψ. 
Theorem 10. Suppose ϕ : D → D is analytic with Denjoy-Wolff point a, ϕn → a uniformly
in D, and ψ ∈ H∞ is continuous at z = a with ψ(a) 6= 0. Then for any eigenvalue λ of Cϕ,
ψ(a)λ ∈ σap(TψCϕ). In particular, σp(ψ(a)Cϕ) ⊆ σap(TψCϕ).
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Proof. Let hm be defined as in Theorem 9, and let g be an eigenvector for Cϕ with eigenvalue λ.
Then since the vectors hm are all in H
∞, gm = ghm are all in H
2. As before, we have
TψCϕgm = TψCϕhmg
= (ψhm ◦ ϕ) (g ◦ ϕ)
= (ψ(a)hm+1) (λg)
= ψ(a)λhm+1g
= ψ(a)λgm+1.
Let Gm =
gm
‖gm‖2
. Then we have
‖(TψCϕ − ψ(a)λI)Gm‖2 =
1
‖gm‖2
‖(TψCϕ − ψ(a)λI)gm‖2
=
1
‖gm‖2
‖TψCϕgm − ψ(a)λgm‖2
=
1
‖gm‖2
‖ψ(a)λgm+1 − ψ(a)λgm‖2
=
1
‖gm‖2
∥∥∥∥ψ(a)λgm
(
ψ ◦ ϕm+1
ψ(a)
)
− ψ(a)λgm
∥∥∥∥
2
=
1
‖gm‖2
‖λgm (ψ ◦ ϕm+1 − ψ(a))‖2
≤ 1‖gm‖2
‖λgm‖2 ‖ψ ◦ ϕm+1 − ψ(a)‖∞
= |λ| ‖ψ ◦ ϕm+1 − ψ(a)‖∞ → 0.
The last line is again by UCI holding for ϕ and continuity of ψ. Since this is true for any eigenvalue
λ of Cϕ, we have σp(ψ(a)Cϕ) ⊆ σap(TψCϕ). 
Taking this together with Theorem 8, we get the following string of inequalities:
Corollary 11. Suppose ϕ : D→ D is analytic with Denjoy-Wolff point a, ϕn → a uniformly in D,
and ψ ∈ H∞ is continuous at z = a with ψ(a) 6= 0. Then we have
σp(ψ(a)Cϕ) ⊆ σap(TψCϕ) ⊆ σ(TψCϕ) ⊆ σ(ψ(a)Cϕ)
In particular, if σp(Cϕ) = σ(Cϕ), then σ(TψCϕ) = σ(ψ(a)Cϕ).
Proof. The first containment is given by Theorem 10; the second containment is trivial; the third
containment is given by Theorem 8. 
As a consequence of this corollary, we can define the spectrum in the case where ϕ′(a) < 1, and
give some examples where ϕ′(a) = 1.
Corollary 12. Suppose ϕ : D→ D is analytic with Denjoy-Wolff point a, ϕn → a uniformly in D,
and ϕ′(a) < 1. Then for any ψ ∈ H∞ continuous at z = a with ψ(a) 6= 0, σ(Wψ,ϕ) = σ(ψ(a)Cϕ).
Proof. When the Denjoy-Wolff point of ϕ is on the boundary with ϕ′(a) < 1 and a is the only
fixed point of ϕ, then every point in the spectrum except for 0 and the peripheral spectrum is
an eigenvalue of infinite multiplicity [7]. Thus σp(Cϕ) = σ(Cϕ) and σ(Wψ,ϕ) = σ(ψ(a)Cϕ) by
Corollary 11. 
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Example 13. If ϕ(z) = 12−z so that ϕ(1) = 1, ϕ
′(1) = 1, then it is known that Cϕ has spectrum
[0, 1] and point spectrum (0, 1) [7]. Since σp(Cϕ) = σ(Cϕ), we have σ(Wψ,ϕ) = σ(ψ(a)Cϕ) by
Corollary 11, for any ψ ∈ H∞ continuous at z = 1 with ψ(1) 6= 0.
So far, our work in this section has not taken the value of ϕ′(a) into account until the corollary
above. When ϕ′(a) < 1, we can actually be much more specific about the point spectrum, which
we will do in the next section.
4. Point Spectra of Wψ,ϕ when ϕ
′(a) < 1
For this section, our goal is to show that except for 0 and the peripheral spectrum, σ(Wψ,ϕ)
otherwise consists entirely of eigenvalues when ϕ′(a) < 1. We accomplish this by extending the
vector in the proof of Theorem 9 to an infinite series bounded by ϕ′(a)n.
Theorem 14. Suppose ϕ : D → D is analytic with Denjoy-Wolff point a, 0 < |ϕ′(a)| < 1, and
ϕn → a uniformly in D. Then for any ψ in H∞ that is bounded away from zero on D and continuous
at a, there is an eigenvector h for TψCϕ with eigenvalue ψ(a) and h invertible in H
∞.
Proof. Since ψ is a bounded, analytic, and non-vanishing map on D, we may assume that there
exists a bounded analytic map η so that ψ = eη. Since η is analytic and bounded on D, it has
bounded derivative there, so η is Lipschitz on D, i.e. |η(z1)− η(z2)| ≤ K|z1− z2| for z1, z2 ∈ D and
some constant K˜ independent of z1, z2. Since η is continuous at a, it can be seen that the above
inequality holds on D∪{a}. Additionally, since ϕn converges uniformly on D, |ϕn(z)−a| ≤ Kϕ′(a)n
for some constant K independent of z, as seen in the proof of Theorem 4 above. Since
lim
n→∞
η ◦ ϕn = η(a),
we want to show that
∑∞
n=0(η ◦ ϕn − η(a)) converges in H∞. Since
|η(ϕn(z)) − η(a)| ≤ K˜|ϕn(z)− a| ≤ KK˜ϕ′(a)n
and |ϕ′(a)| < 1, the series converges. Set
g =
∞∑
n=0
(η ◦ ϕn − η(a)).
Then h(z) = eg(z) is an eigenfunction for Wψ,ϕ with eigenvalue ψ(a). Since ψ is bounded below, so
is η, and now g(z) is bounded above and below, so 1h = e
−g(z) is also in H∞. 
The next theorem shows that the special eigenvector above completely identifies the point spec-
trum with that of ψ(a)Cϕ.
Theorem 15. If TψCϕ has eigenvalue α with an eigenvector g ∈ H∞ for α, and λ is any eigenvalue
of Cϕ with eigenvector f , then αλ is an eigenvalue of TψCϕ with eigenvector gf . Furthermore,
if 1g ∈ H∞ as well, then σp(αCϕ) = σp(TψCϕ). In particular, if α = ψ(a), then σp(ψ(a)Cϕ) =
σp(TψCϕ).
Proof. We have TψCϕg = αg and Cϕf = λf . Note since g ∈ H∞, gf ∈ H2. Then
TψCϕ(gf) = ψ(gf) ◦ ϕ = (ψg ◦ ϕ)(f ◦ ϕ) = (αg)(λf) = αλ(gf)
so gf is an eigenfunction for TψCϕ with eigenvalue αλ. So σp(αCϕ) ⊆ σp(TψCϕ).
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Now, if 1g ∈ H∞ as well, then for any eigenvalue µ ∈ σp(TψCϕ) with eigenvector h, we can write
v = hg which is in H
2, so gv = h. Then
µgv = µh = TψCϕh = TψCϕgv = (ψg ◦ ϕ)(v ◦ ϕ) = αgv ◦ ϕ
Dividing the far sides by g, we see that µv = αv ◦ ϕ, so µ ∈ σp(αCϕ). Thus σp(TψCϕ) ⊆ σp(αCϕ),
so now σp(αCϕ) = σp(TψCϕ). 
Putting these theorems together, we have the following corollary.
Corollary 16. Suppose ϕ : D → D is analytic with Denjoy-Wolff point a, 0 < |ϕ′(a)| < 1, and
ϕn → a uniformly in D. Then for any ψ ∈ H∞ that is bounded away from zero on D and continuous
at a, σp(Wψ,ϕ) = σp(ψ(a)Cϕ).
Although we required stricter conditions on ψ to achieve the above corollary, we can in fact use
UCI holding for ϕ to relax those conditions:
Corollary 17. Suppose ϕ : D → D is analytic with Denjoy-Wolff point a, 0 < |ϕ′(a)| < 1, and
ϕn → a uniformly in D. Then for any ψ ∈ H∞ that is continuous at a with ψ(a) 6= 0, σp(Wψ,ϕ) =
σp(ψ(a)Cϕ).
Proof. By Lemma 6, σp(TψCϕ) = σp(Tψ◦ϕnCϕ) for all n. Since ψ is continuous at a and ψ(a) 6= 0,
there is ǫ > 0 so that ψ(z) is bounded away from zero on the set {z : |z − a| < ǫ}. Since ϕn → a
uniformly, there is N such that for n ≥ N , |ϕn(z) − a| < ǫ, for all z ∈ D. Then Tψ◦ϕNCϕ satisfies
the conditions of Corollary 16, so σp(TψCϕ) = σp(Tψ◦ϕNCϕ) = σp(ψ(a)Cϕ). 
Since we can now entirely characterize the spectrum and point spectrum when ϕ′(a) < 1, we
illustrate this with an example below.
Example 18. Let ϕ(z) = 12z +
1
2 and ψ(z) = e
(2−z). Note ϕn(z) =
1
2n z + 1 − 12n . Then for η as
in the proof of Theorem 14, we have η(z) = 2− z and we can compute g(z) as in Theorem 14:
∞∑
n=0
η ◦ ϕn − η(1) =
∞∑
n=0
2− ( 1
2n
z + 1− 1
2n
)− 1
=
∞∑
n=0
1
2n
(1− z)
= 2− 2z
Then h(z) = e(2−2z) is an H∞ eigenvector for Wψ,ϕ with eigenvalue ψ(1) = e, as is seen below:
ψh ◦ ϕ = e(2−z)e(2−2( 12z+ 12 )) = e(2−z)e(1−z) = e(1+2−2z) = e1e(2−2z) = eh
Note that 1h = e
(2z−2) is also in H∞. It is known that the functions (1 − z)λ are eigenvectors
of Cϕ with eigenvalue (
1
2)
λ, that these belong to H2 when Re(λ) > −12 , and that σp(Cϕ) = {λ :
0 < λ <
√
2} [7]. Then σp(Wψ,ϕ) = {λ : 0 < λ <
√
2e} and e(2−2z)(1 − z)λ is an eigenvector for
eigenvalue e
2λ
.
Our work here depended on the fact that ϕ′(a) < 1. The following two examples show that an
analogous statement cannot be made when ϕ′(a) = 1.
SPECTRA OF WEIGHTED COMPOSITION OPERATORS 9
Example 19. Let ϕ(z) = 12−z and ψ(z) = 2− z. Then we see that h(z) = 1− z is an eigenvector
for Wψ,ϕ with eigenvalue 1. It is known that Cϕ has spectrum [0, 1] with point spectrum (0, 1) [7].
Since h is in H∞, any eigenvector g for an eigenvalue λ of Cϕ corresponds to an eigenvector gh
of Wψ,ϕ with eigenvalue λ. Thus Wψ,ϕ has spectrum [0, 1] and every element 0 < λ ≤ 1 is an
eigenvalue.
Example 20. Let ϕ(z) = 12−z and ψ(z) =
1
1− 1
2
z
. The first two authors [9] showed that the
operator Wψ,ϕ is self-adjoint and has no eigenvalues, but rather consists entirely of approximate
point spectrum.
5. Seminormality of Wψ,ϕ
In [9], the first two authors showed that the semigroup of parabolic non-automorphisms studied
in this paper have a companion weight so that Wψ,ϕ is self-adjoint. The form of the companion
weight associated with most known self-adjoint [9], normal [2], and cohyponormal [10] weighted
composition operators is ψ = pKσ(0), where p is a constant and σ is the Cowen auxillary function
of ϕ (which is linear fractional in these situations). As a result of our work above, we eliminate
possibilities for ψ when ϕ is a linear fractional non-automorphism with Denjoy-Wolff point on ∂D
and Wψ,ϕ is seminormal.
First, we show that when ϕ is a parabolic non-automorphism, there are no other weight functions
ψ continuous at the Denjoy-Wolff point a so that Wψ,ϕ is (co)hyponormal.
Theorem 21. Let ϕ : D→ D be a parabolic non-automorphism with Denjoy-Wolf point a and let
ψ ∈ H∞ be continuous at z = a. If Wψ,ϕ is (co)hyponormal, then it is normal and ψ is a multiple
of Kσ(0), where σ is the Cowen auxillary function of ϕ. Furthermore, if ψ(a) is real, then Wψ,ϕ is
self-adjoint.
Proof. Without loss of generality, assume a = 1 since composition with a rotation is unitary.
For now, assume ψ(a) is real. Any (co)hyponormal operator whose spectrum has zero area is
normal [15]. Since Cϕ has spectrum [0, 1] and point spectrum (0, 1), Wψ,ϕ (and therefore also
W∗ψ,ϕ) has spectrum equal to the line segment [0, ψ(a)] by Corollary 11. Since line segments have
zero area, Wψ,ϕ is normal. Since Wψ,ϕ is (sub)normal and σ(Wψ,ϕ) ⊆ R, it is self-adjoint [3]. The
self-adjoint weighted composition operators on H2 have been completely characterized in [9] and
ψ must therefore be a real multiple of Kσ(0).
If ψ(a) is not real, we get the same result for the weight λψ, where λ is a non-zero constant so
that λψ(a) is real. Then we see that ψ must be a (non-real) multiple of Kσ(0) and that Wψ,ϕ is
normal. 
Next, let ϕ be a hyperbolic non-automorphism. Here, Wψ,ϕ can be cohyponormal and in fact
cosubnormal. For example, if ϕ(z) = sz + 1 − s, 0 < s < 1, then σ(0) = 0,K0 = 1 and Cϕ is a
“weighted” composition operator which is cosubnormal. In [2], it is shown that if ψ is in C1 on D
then Wψ,ϕ cannot be essentially normal. Due to our understanding of the spectrum from Section
4 above, we can show that no weight ψ in H∞ continuous at the Denjoy-Wolff point (but with no
other conditions on ψ at the boundary) creates a hyponormal weighted composition operator when
ϕ is a hyperbolic non-automorphism. However, first we need a lemma.
Lemma 22. Let g be a vector in H2 such that 〈g, zng〉 = 〈g, g〉 for all integers n ≥ 1. Then g is
the zero vector.
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Proof. Suppose that g is not the zero vector. Writing g as g =
∑∞
k=0 akz
k, since g is not the zero
vector, not all ak are zero. Therefore, there is an integer n such that the vector gn =
∑∞
k=n akz
k
satisfies ‖gn‖ < ‖g‖ /2. Then
‖g‖2 = |〈g, g〉| = |〈g, zng〉| = |〈gn, g〉| ≤ ‖gn‖ ‖g‖ < ‖g‖2 /2
which is impossible. Therefore g is the zero vector. 
Theorem 23. Let ϕ : D→ D be a hyperbolic non-automorphism. There is no ψ ∈ H∞ continuous
at z = a such that Wψ,ϕ is hyponormal.
Proof. Without loss of generality, assume ϕ(z) = sz + 1 − s for some 0 < s < 1. (Otherwise,
conjugate Wψ,ϕ by the unitary weighted composition operator TgCζ where g = Kζ(0) and ζ is an
automorphism so that ζ ◦ ϕ ◦ ζ is in this form. This will change the weight function ψ, but it will
still be continuous at a and it is otherwise arbitrary.) Now assume Wψ,ϕ is hyponormal.
It is known that (1−z)n is an eigenvector for Cϕ with eigenvalue sn. By Theorem 14, there is an
eigenfunction h ∈ H∞ forWψ,ϕ with eigenvalue ψ(a), and thus h(1−z)n is an eigenfunction forWψ,ϕ
with eigenvalue ψ(a)sn by Theorem 15. Since Wψ,ϕ is hyponormal, eigenvectors corresponding to
different eigenvalues must be perpendicular [3]. Then
0 = 〈h, (1 − z)h〉 = 〈h, h〉 − 〈h, zh〉 ⇒ 〈h, h〉 = 〈h, zh〉
Keeping this result in mind, we now consider the vectors h and (1− z)2h:
0 =
〈
h, (1 − z)2h〉 = 〈h, h〉 − 2 〈h, zh〉 + 〈h, z2h〉⇒ 〈h, h〉 = 〈h, z2h〉
Continuing inductively, we have 〈h, h〉 = 〈h, znh〉 for all integers n > 0. Therefore, by Lemma
22, h is the 0 vector, which is a contradiction since eigenvectors are non-zero. Therefore Wψ,ϕ
cannot be hyponormal. 
6. Further Questions
Below is a list of questions that would extend our work:
(1) Characterize exactly when the iterates ϕn converge uniformly to a on all of D.
(2) Completely characterize the point spectrum of Wψ,ϕ when |a| = 1, ϕ′(a) = 1 and the
iterates ϕn converge uniformly to a in all of D.
(3) Completely characterize (co)(hypo)normal weighted composition operators on H2. (For
example, it has not been shown that if Wψ,ϕ is normal, ϕ must be linear fractional.)
(4) In our work and many of our referenced papers, it seems that when ϕ has exactly one fixed
point a in D, that σ(Wψ,ϕ) = σ(ψ(a)Cϕ). How often is this true?
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